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$t$ # $S(t)_{\text{ }}$ ( $A(t)$
$C(t)$ ) $t$ $\tau$ $i(t$ , \mbox{\boldmath $\tau$} $)$ \sim [
$T(t)$ VelascO-Hernandez $\mathrm{I}\mathrm{J}$ $t$ } $\#^{-}f$
$M(t)_{\text{ }}$ $V(t)$ A \mu
$\tau$ \gamma (\mbox{\boldmath $\tau$}) \mbox{\boldmath $\alpha$} H $\tau$ [
$h(\tau)$ L \mbox{\boldmath $\delta$} $\tau$ [
$\beta(\tau)$
1
$S(0)=S_{0}>0$ , $M(0)=M_{0}>0$ , $V(0)=V_{0}\geq 0$
$4\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$-duration;
47
$i(0, \tau)=i_{0}(\tau)\geq 0(\tau\geq 0),$ $i_{0}\in L_{+}^{1}$
$\Lambda>0$ , $\mu>0$ , $L>0$ , $\delta>0$ , $\alpha\geq 0$
$\gamma(\tau)\geq 0(\tau\geq 0),$ $\gamma\in L_{+}^{\infty}$ , $h(\tau)\geq 0(\tau\geq 0),$ $h\in L_{+}^{\infty}$ , $\beta(\tau)\geq 0(\tau\geq 0),$ $\beta\in L_{+}^{\infty}$
$| \rho T(t)=(\begin{array}{ll}\alpha V(t)+\int^{\infty} h(\tau)i(t,\tau)d\tau() \end{array}))=+i(t, \tau)d\tau(t)=\frac{\frac{=\rho 1}{T(t)1}}{T(t),S(t)}\frac{\frac{\frac{\frac{dS}{\partial idt}}{i(td\partial t}(M}{dVdt}}{\lambda(tdt’}(t)(t)M(t)-\delta V(t)(t)=\Lambda-\lambda(t)S(t)-\mu S(t)0)=\lambda(S(t)t,\tau)+\frac{\partial i}{\partial\tau,t)}(t,\tau)=-(\mu+\gamma(\tau))i(t, \tau)(t)=L-\rho(t)M(t)-\delta M(t)0$ (2)
4
(2)
(2) 0 $S_{\text{ }^{}*}i^{*}(\tau)_{\text{ }}M_{\text{ }^{}*}V_{\text{ }^{}*}\lambda_{\text{ }^{}*}\rho_{\text{ }^{}*}T^{*}$
$\lambda^{*}$




















$(\mathrm{i}\mathrm{i})Q>0$ R 1 2
$(\mathrm{i}\mathrm{i}\mathrm{i})Q>0$ $R0=R_{c},$ $1$ 1
$(\mathrm{i}\mathrm{v})Q>0$ R
$(\mathrm{v})Q\leq 0$ $R_{0}\leq 1$
=R $\lambda^{*}=\lambda_{c}$
$=H+ \frac{\alpha\mu BL}{\delta^{2}\Lambda}$ (5)
$Q= \frac{1-H}{\mu}-(1-H)(\frac{B}{\delta}+E)-E$ (6)
$R_{c}=1- \mu Q-2\mu^{2}E(E+\frac{B}{\delta})(1-\sqrt{1+\frac{Q}{\mu E(E+\frac{B}{\delta})}})$ (7)
$\lambda_{c}=-\mu(1-\sqrt 1+\frac{Q}{\mu E(E+\frac{B}{\delta})})$ (8)
2 $\lambda^{*}\neq 0$ (3) $f(\lambda^{*})=0$ $g(\lambda^{*})=0$
$g(\lambda^{*})$ $=$ $\lambda^{*2}(E(\frac{B}{\delta}+E))+\lambda^{*}(E+(1-H)(\frac{B}{\delta}+E)-\frac{\alpha BL}{\delta^{2}\Lambda})+1-H-\frac{\alpha\mu BL}{\delta^{2}\Lambda}$
$=$ $\lambda^{*2}E(\frac{B}{\delta}+E)+\lambda^{*}(\frac{1-R_{0}}{\mu}-Q)+1-R_{0}=0$ (9)
(i) $\lambda^{*}$ 2 2 $g(0)=1-R_{0}<0$ $\lambda^{*}>0$
1 $R_{0}>1$ 1
(ii) $g(0)=1-R_{0}>0$ $g’(0)=$ $Q<0$ I D= $($ $Q)^{2}-$
$4E( \frac{B}{\delta}+E)(1-R_{0})>0$ $\lambda^{*}>0$ 2
$Q<0$ $Q>0$ R 1
$Q>0$ R 1 2


























$\frac{dX}{dt}(t)=-\mu X(t)-\int_{0}^{\infty}h(\tau)j(t, \tau)d\tau-\alpha Z(t)$
$\frac{\partial j}{j(t\partial t},(t,\tau)+\frac{\partial j}{\partial\tau}(t, \tau)=-(\mu+\gamma(\tau))j(t, \tau)0)=\int_{0}h(\tau)j(t,\tau)d\tau+\alpha Z(t)$
$\frac{d\mathrm{Y}}{dt}(t)=-\frac{\mu L}{\delta\Lambda}\int_{0}^{\infty}\beta(\tau)j(t, \tau)d\tau-\delta Y(t)$
$\frac{dZ}{dt}(t)=\frac{\mu L}{\delta\Lambda}\int_{0}^{\infty}\beta(\tau)j(t, \tau)d\tau-\delta Z(t)$
$\{$
$X(t)=X_{0}e^{-\mu t}-e^{-\mu t} \int_{0}^{t}e^{\mu s}(\int_{0}^{\infty}h(\tau)j(s, \tau)d\tau-\alpha Z(s))ds$
$j(t, \tau)=\{\begin{array}{l}j(t-\tau,0)e^{-\mu\tau-\int_{0}^{\tau}\gamma(r)dr}j_{0}(\tau-t)e^{-\mu t-\int_{\tau-t}^{\tau}\gamma(r)dr}\end{array}$ $(0\leq\tau\leq t)(\tau>t)$
$\mathrm{Y}(t)=\mathrm{Y}_{0}e^{-\delta t}-e^{-\delta t}\int_{0}^{t}e^{\delta s}Z(t)=Z_{0}e^{-\delta t}+\frac{\frac\mu L\mu L\delta\Lambda}{\delta\Lambda}e^{-\delta t}\int_{0}^{t}e^{\delta s}(_{\int_{0}^{\infty}\beta(\tau)j(s,\tau)d\tau}^{\int_{0}^{\infty}\beta(\tau)j(s,\tau)d\tau})dsd_{S}$
$j\mathrm{o}(\tau)=j(0, \tau)$ $j(t, 0)$ (
$j(t, 0)$ $=$ $\int_{0}^{\infty}h(\tau)j(t, \tau)d\tau+\alpha Z(t)$
$=$ $\int_{0}^{t}h(\tau)j(t-\tau, 0)e^{-\mu\tau-\int_{0}^{\tau}\gamma(r)dr}d\tau+e^{-\mu t}\int_{t}^{\infty}h(\tau)j_{0}(\tau-t)e^{-\int_{\tau-t}^{\tau}\gamma(r)dr}d\tau$
$+ \alpha Z_{0}e^{-\delta t}+\frac{\alpha\mu L}{\delta\Lambda}\int_{0}^{t}e^{-\delta\tau}(\int_{0}^{\tau}e^{\delta u}\beta(u)e^{-\mu u-\int_{0}^{u}\gamma(r)dr}du)j(t-\tau, 0)d\tau$
$+ \frac{\alpha\mu L}{\delta\Lambda}e^{-\delta t}\int_{0}^{t}e^{(\delta-\mu)s}(\int_{s}^{\infty}\beta(\tau)j_{0}(\tau-s)e^{-\int_{\tau-s}^{\tau}\gamma(r)dr}d\tau)ds$
$B(t)_{\text{ }}F(t)_{\text{ }}K(\tau)$
$B(t)=j(t, 0)$ (10)
$F(t)$ $=$ $e^{-\mu t} \int_{t}^{\infty}h(\tau)j_{0}(\tau-t)e^{-\int_{\tau-t}^{\tau}\gamma(r)dr}d\tau+\alpha Z_{0}e^{-\delta t}$
$+ \frac{\alpha\mu L}{\delta\Lambda}e^{-\delta t}\int_{0}^{t}e^{(\delta-\mu)s}(\int_{s}^{\infty}\beta(\tau)j_{0}(\tau-s)e^{-\int_{\tau-s}^{\tau}\gamma(r)dr}d\tau)ds$ (11)
$K( \tau)=h(\tau)e^{-\mu\tau-\int_{0}^{\tau}\gamma(r)dr}+\frac{\alpha\mu L}{\delta\Lambda}e^{-\delta\tau}(\int_{0}^{\tau}e^{\delta u}\beta(u)e^{-\mu u-\int_{0}^{u}\gamma(r)dr}du)$ (12)
$M>\mathrm{O}_{\text{ }}m>0$ $N>\mathrm{O}_{\text{ }}n>0$








$|F(t)|\leq Me^{-mt}$ , $M>0,$ $m>0$ (15)





$\int_{0}^{\infty}K(\tau)d\tau$ $=$ $\int_{0}^{\infty}h(\tau)e^{-\mu\tau-\int_{0}^{\tau}\gamma(r)dr_{d\tau+\frac{\alpha\mu L}{\delta^{2}\Lambda}}}\int_{0}^{\infty}\beta(\tau)e^{-\mu\tau-\int_{0}^{\tau}\gamma(r)dr_{d\tau}}$
$=$ $H+ \frac{\alpha\mu LB}{\delta^{2}\Lambda}=$









5(2) 3 $B(t)=i(t, 0)$
$B(t) \leq F(t)+\int_{0}^{t}K(\tau)B(t-\tau)d\tau$ (20)
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$F(t)_{\backslash }K(\tau)$ 3 $M>\mathrm{O}_{\backslash }m>0$ $|F(t\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} M\ovalbox{\tt\small REJECT}^{\mathrm{o}t}$
$N>\mathrm{O}_{\backslash }n>0$ 0 $\ovalbox{\tt\small REJECT} K(\tau)\ovalbox{\tt\small REJECT} N\ovalbox{\tt\small REJECT}^{n7}$
$C(t)=F(t)+ \int_{0}^{t}K(\tau)C(t-\tau)d\tau$ (21)
Volterra 4 $B(t)\leq$
$C(t)\text{ ^{}\backslash }\text{ _{ }}--C_{\text{ }^{}\backslash }\backslash$
$\int_{0}^{\infty}K(\tau)d\tau=H+\frac{\alpha(\mu+\overline{\gamma})LB}{\delta^{2}\Lambda}=R_{1}$






$(\mathrm{i}\mathrm{i})Q>0$ $\lambda^{*}>\lambda_{c}$ \lambda *<\lambda
6 (2) 3 $B(t)=j(t, 0)$
Volterra
$B(t)=F(t)+ \int_{0}^{t}K(\tau)B(t-\tau)d\tau$ (22)
$F(t)_{\text{ }}K(\tau)$ 3 $M>\mathrm{O}_{\text{ }}m>0$ $|F(t)|\leq Me^{-mt}$





4 $\lambda_{c}<0$ $B(t)arrow 0(tarrow\infty)$ $\lambda_{c}>0$ \lambda 1<\lambda
$B(t)arrow\infty(tarrow\infty)$ $\lambda^{*}>\lambda_{c}$ $B(t)arrow 0(tarrow\infty)$ (8)






$Q<0$ $R0>1$ 1 $\lambda^{*}$
$Q>0$ $R\text{ }<R_{0}<1$
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$7\mathrm{b}\mathrm{a}s\mathrm{i}\mathrm{c}$ reproductive number; 1 1 2
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